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Forward Propagation

• Forward propagation is the process of

calculating the output of a neural network

given an input. In other words, it is the

process of feeding input data through the

network's layers in a forward direction to

produce an output.

• During forward propagation, each neuron

in a layer receives input from the

previous layer and applies an activation

function to produce an output, which is

then passed to the next layer. The output

of the final layer is the predicted output

of the neural network.
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Back Propagation

• Backpropagation computes

the gradient of the loss

function with respect to the

weights of the network for a

single input–output example,

and does so efficiently, unlike

a naive direct computation of

the gradient with respect to

each weight individually.
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Chain Rule

Δ𝑤 → Δ𝑥 → Δ𝑦 → Δ𝑧
𝜕𝑧

𝜕𝑤
=
𝜕𝑧

𝜕𝑦

𝜕𝑦

𝜕𝑥

𝜕𝑥

𝜕𝑤
= 𝑓′ 𝑦 𝑓′ 𝑥 𝑓′ 𝑤

= 𝑓′ 𝑓 𝑓 𝑤 𝑓′ 𝑓 𝑤 𝑓′ 𝑤
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Forward propagation for computing the cost

Back propagation for computing the gradient
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Looking Back – Gradient Decsent
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𝑦 = 𝑓 𝑥 = 𝜎 𝑊𝐿 …𝜎 𝑊2𝜎 𝑊1𝑥 + 𝑏1 + 𝑏2 …+ 𝑏𝐿

𝜃 = 𝑊1, 𝑏1,𝑊2, 𝑏2, … ,𝑊𝐿 , 𝑏𝐿

𝑊𝑙 =
𝑤11
𝑙 𝑤12

𝑙 ⋯

𝑤21
𝑙 𝑤22

𝑙 ⋯
⋮ ⋮ ⋱

, 𝑏𝑙 =
⋮
𝑏𝑖
𝑙

⋮

𝛻𝐶 𝜃 =

⋮
𝜕𝐶 𝜃

𝜕𝑤𝑖𝑗
𝑙

⋮
𝜕𝐶 𝜃

𝜕𝑏𝑖
𝑙

Algorithm

Initialization: start at 𝜃0

while (𝜃 𝑖+1 ≠ 𝜃𝑖)
{

compute the gradients at 𝜃𝑖

update parameters

𝜃𝑖+1 ← 𝜃𝑖 − 𝜂𝛻𝜃𝐶 𝜃𝑖

}
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𝝏𝑪(𝜽)/𝝏𝒘𝒊𝒋
𝒍

𝝏𝑪 𝜽

𝝏𝒘𝒊𝒋
𝒍

=
𝝏𝑪 𝜽

𝝏𝒛𝒊
𝒍

𝝏𝒛𝒊
𝒍

𝝏𝒘𝒊𝒋
𝒍
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⋮

𝑖

⋮
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𝑎𝑗
𝑙−1 𝑎𝑖

𝑙

Layer 𝒍 − 𝟏 Layer 𝒍

𝑵𝒍−𝟏 nodes 𝑵𝒍 nodes1

Bias

𝑏𝑖
𝑙

𝒛𝒊
𝒍

𝑤𝑖1
𝑙

𝑤𝑖2
𝑙

𝑤𝑖3
𝑙

𝑤𝑖𝑗
𝑙
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𝝏𝒛𝒊
𝒍/𝝏𝒘𝒊𝒋

𝒍
𝒍 > 𝟏
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3

𝑗

⋮

𝑖

⋮

𝑎1
𝑙−1

𝑎2
𝑙−1

𝑎3
𝑙−1

𝑎𝑗
𝑙−1 𝑎𝑖

𝑙

Layer 𝒍 − 𝟏 Layer 𝒍

𝑵𝒍−𝟏 nodes 𝑵𝒍 nodes1

Bias

𝑏𝑖
𝑙

𝒛𝒊
𝒍

𝑤𝑖1
𝑙

𝑤𝑖2
𝑙

𝑤𝑖3
𝑙

𝑤𝑖𝑗
𝑙

𝒛𝒍 = 𝑾𝒍𝒂𝒍−𝟏 + 𝒃𝒍

𝒛𝒊
𝒍 =

𝒋

𝒘𝒊𝒋
𝒍 𝒂𝒋

𝒍−𝟏 + 𝒃𝒊
𝒍

𝝏𝒛𝒊
𝒍

𝝏𝒘𝒊𝒋
𝒍
= 𝒂𝒋

𝒍−𝟏
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𝝏𝒛𝒊
𝒍/𝝏𝒘𝒊𝒋

𝒍
𝒍 = 𝟏
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Layer 𝟏𝑥1
𝑥2
𝑥3
⋮
𝑥𝑗

𝑖

1

𝑤𝑖𝑗
1

𝑏𝑖
1

𝒛𝒊
𝟏

Input
𝒛𝟏 = 𝑾𝟏𝒙 + 𝒃𝟏

𝒛𝒊
𝟏 =

𝒋

𝒘𝒊𝒋
𝟏𝒙𝒋 + 𝒃𝒊

𝟏

𝝏𝒛𝒊
𝟏

𝝏𝒘𝒊𝒋
𝟏 = 𝒙𝒋

𝑤𝑖1
1

𝑤𝑖2
1

𝑤𝑖3
1
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𝝏𝑪(𝜽)/𝝏𝒘𝒊𝒋
𝒍
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𝑎𝑗
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𝑙

Layer 𝒍 − 𝟏 Layer 𝒍

𝑵𝒍−𝟏 nodes 𝑵𝒍 nodes1

Bias

𝑏𝑖
𝑙

𝒛𝒊
𝒍

𝑤𝑖1
𝑙

𝑤𝑖2
𝑙

𝑤𝑖3
𝑙

𝑤𝑖𝑗
𝑙

𝝏𝑪 𝜽

𝝏𝒘𝒊𝒋
𝒍

=
𝝏𝑪 𝜽

𝝏𝒛𝒊
𝒍

𝝏𝒛𝒊
𝒍

𝝏𝒘𝒊𝒋
𝒍

𝝏𝒛𝒊
𝒍

𝝏𝒘𝒊𝒋
𝒍
= ൝

𝒂𝒋
𝒍−𝟏 , 𝒍 > 𝟏

𝒙𝒋 , 𝒍 = 𝟏
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𝝏𝑪(𝜽)/𝝏𝒛𝒊
𝒍

𝝏𝑪 𝜽

𝝏𝒘𝒊𝒋
𝒍

=
𝝏𝑪 𝜽

𝝏𝒛𝒊
𝒍

𝝏𝒛𝒊
𝒍

𝝏𝒘𝒊𝒋
𝒍

𝛿𝑖
𝑙: 𝑡ℎ𝑒 𝑝𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑒𝑑 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑡𝑜 𝑡ℎ𝑒 𝑙 − 𝑡ℎ 𝑙𝑎𝑦𝑒𝑟
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𝑥1
𝑥2
𝑥3
⋮
𝑥𝑗

⋮

𝒏

⋮ ⋮

⋯

⋯
⋯

⋯

𝑦1
𝑦2
𝑦3

𝑦𝑚

Input Layer 1 Layer 2 Layer L Output

𝒙 𝜹𝟏 𝜹𝟐 𝜹𝑳
𝒊

⋮

𝒌

⋮

Layer 𝒍 Layer 𝒍 + 𝟏

𝜹𝒍 𝜹𝒍+𝟏

⋯

⋯
⋯

⋯

𝜹𝑳−𝟏

𝒅𝒈

1 1 1 1 1

2 2 2 2 2

3 3 3 3 3

𝜹𝒈
𝟏 𝜹𝒅

𝟐 𝜹𝒏
𝑳𝜹𝒊

𝒍 𝜹𝒌
𝒍+𝟏

𝜹𝟑
𝟏 𝜹𝟑

𝟐 𝜹𝟑
𝑳𝜹𝟑

𝒍 𝜹𝟑
𝒍+𝟏

𝜹𝟐
𝟏 𝜹𝟐

𝟐 𝜹𝟐
𝑳𝜹𝟐

𝒍 𝜹𝟐
𝒍+𝟏

𝜹𝟏
𝟏 𝜹𝟏

𝟐 𝜹𝟏
𝑳𝜹𝟏

𝒍 𝜹𝟏
𝒍+𝟏
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𝝏𝑪(𝜽)/𝝏𝒛𝒊
𝒍 = 𝜹𝒊

𝒍

• Procedure: from layer 𝑳 to layer 𝟏

1. Initialization: compute 𝛿𝐿

𝛿𝑖
𝐿 =

𝜕𝐶

𝜕𝑧𝑖
𝐿 =

𝜕𝐶

𝜕𝑦𝑖

𝜕𝑦𝑖

𝜕𝑧𝑖
𝐿 ,

𝜕𝐶

𝜕𝑦𝑖
𝑑𝑒𝑝𝑒𝑛𝑑𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑜𝑠𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

Δ𝑧𝑖
𝐿 → 𝑎𝑖

𝐿 = Δ𝑦𝑖 → Δ𝐶

2. Compute 𝛿𝐿 based on 𝛿𝑙+1
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𝝏𝑪(𝜽)/𝝏𝒛𝒊
𝒍 = 𝜹𝒊

𝒍

• Procedure: from layer 𝑳 to layer 𝟏

1. Initialization: compute 𝛿𝐿

2. Compute 𝛿𝐿 based on 𝛿𝑙+1

Δ𝑧𝑖
𝐿 → Δ𝑎𝑖

𝐿 = Δ𝑦𝑖 → Δ𝐶

𝛿𝑖
𝐿 =

𝜕𝐶

𝜕𝑧𝑖
𝐿

𝛿𝑖
𝐿 =

𝜕𝐶

𝜕𝑦𝑖

𝜕𝑦𝑖

𝜕𝑧𝑖
𝐿 =

𝜕𝐶

𝜕𝑦𝑖
𝜎′ 𝑧𝑖

𝐿 ,

𝑤ℎ𝑒𝑟𝑒 𝑦𝑖 = 𝑎𝑖
𝐿 = 𝜎 𝑧𝑖

𝐿
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𝜎′ 𝑧𝐿 =

𝜎′ 𝑧1
𝐿

𝜎′ 𝑧2
𝐿

⋮
𝜎′ 𝑧𝑖

𝐿

⋮

, 𝛻𝐶 𝑦 =

𝜕𝐶

𝜕𝑦1
𝜕𝐶

𝜕𝑦2
⋮
𝜕𝐶

𝜕𝑦𝑖
⋮

0

0.5

1

𝑧𝑛
𝐿 𝑧

𝜎 𝑧

𝜹𝑳 = 𝝈′ 𝒛𝑳 ⊙𝛁𝑪 𝒚
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𝝏𝑪 𝜽 /𝝏𝒛𝒊
𝒍 = 𝜹𝒊

𝒍

• Procedure: from layer 𝑳 to layer 𝟏

1. Initialization: compute 𝛿𝐿

2. Compute 𝛿𝐿 based on 𝛿𝑙+1

Δ𝑍𝑖
𝑙 → Δ𝑎𝑖

𝑙

Δ𝑧1
𝑙+1

Δ𝑧2
𝑙+1

⋮
Δ𝑧𝑘

𝑙+1

⋮

Δ𝐶
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𝛿𝑖
𝑙 =

𝜕𝐶

𝜕𝑧𝑖
𝑙 = σ𝑘

𝜕𝐶

𝜕𝑧𝑘
𝑙+1

𝜕𝑧𝑘
𝑙+1

𝜕𝑎𝑖
𝑙

𝜕𝑎𝑖
𝑙

𝜕𝑧𝑖
𝑙 =

𝜕𝑎𝑖
𝑙

𝜕𝑧𝑖
𝑙 σ𝑘

𝜕𝐶

𝜕𝑧𝑘
𝑙+1

𝜕𝑧𝑘
𝑙+1

𝜕𝑎𝑖
𝑙

𝒊

⋮

𝒌

⋮

Layer 𝒍 Layer 𝒍 + 𝟏

𝜹𝒍 𝜹𝒍+𝟏

1 1

2 2

3 3

𝜹𝒊
𝒍 𝜹𝒌

𝒍+𝟏

𝜹𝟑
𝒍 𝜹𝟑

𝒍+𝟏

𝜹𝟐
𝒍 𝜹𝟐

𝒍+𝟏

𝜹𝟏
𝒍 𝜹𝟏

𝒍+𝟏
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𝝏𝑪 𝜽 /𝝏𝒛𝒊
𝒍 = 𝜹𝒊

𝒍

• Procedure: from layer 𝑳 to layer 𝟏

1. Initialization: compute 𝛿𝐿

2. Compute 𝛿𝐿 based on 𝛿𝑙+1

𝛿𝑖
𝑙 =

𝜕𝑎𝑖
𝑙

𝜕𝑧𝑖
𝑙 

𝑘

𝜕𝑧𝑘
𝑙+1

𝜕𝑎𝑖
𝑙 𝛿𝑘

𝑙+1

𝛿𝑖
𝑙 = 𝜎′ 𝑧𝑖 

𝑘

𝜕𝑧𝑘
𝑙+1

𝜕𝑎𝑖
𝑙 𝛿𝑘

𝑙+1

𝛿𝑖
𝑙 = 𝜎′ 𝑧𝑖 

𝑘

𝑤𝑘𝑖
𝑙+1𝛿𝑘

𝑙+1
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=

𝑖

𝑤𝑘𝑖
𝑖+1𝑎𝑖

𝑙 + 𝑏𝑘
𝑙+1

𝒊

⋮

𝒌

⋮

Layer 𝒍 Layer 𝒍 + 𝟏

𝜹𝒍 𝜹𝒍+𝟏

1 1

2 2

3 3

𝜹𝒊
𝒍 𝜹𝒌

𝒍+𝟏

𝜹𝟑
𝒍 𝜹𝟑

𝒍+𝟏

𝜹𝟐
𝒍 𝜹𝟐

𝒍+𝟏

𝜹𝟏
𝒍 𝜹𝟏

𝒍+𝟏
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𝝏𝑪 𝜽 /𝝏𝒛𝒊
𝒍 = 𝜹𝒊

𝒍

• The propagation: 
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𝛿𝑖
𝑙 = 𝜎′ 𝑧𝑖 

𝑘

𝑤𝑘𝑖
𝑙+1𝛿𝑘

𝑙+1

𝒊

⋮

𝒌

⋮

Layer 𝒍 Layer 𝒍 + 𝟏

𝜹𝒍 𝜹𝒍+𝟏

1 1

2 2

3 3

𝜹𝒊
𝒍 𝜹𝒌

𝒍+𝟏

𝜹𝟑
𝒍 𝜹𝟑

𝒍+𝟏

𝜹𝟐
𝒍 𝜹𝟐

𝒍+𝟏

𝜹𝟏
𝒍 𝜹𝟏

𝒍+𝟏

𝜹𝒌
𝒍+𝟏

𝜹𝟑
𝒍+𝟏

𝜹𝟐
𝒍+𝟏

𝜹𝟏
𝒍+𝟏

⋮

⋮

Input

Multiply a

constant

𝒘𝟏𝒊
𝒍+𝟏

𝒘𝟐𝒊
𝒍+𝟏

𝒘𝟑𝒊
𝒍+𝟏

𝒘𝒌𝒊
𝒍+𝟏

× 𝝈′ 𝒛𝒊
𝒍

𝜹𝟏
𝒍

Output
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𝝏𝑪 𝜽 /𝝏𝒛𝒊
𝒍 = 𝜹𝒊

𝒍

𝛿𝑖
𝑙 = 𝜎′ 𝑧𝑖 

𝑘

𝑤𝑘𝑖
𝑙+1𝛿𝑘

𝑙+1

𝜎′ 𝑧𝑙 =

𝜎′(𝑧1
𝑙)

𝜎′(𝑧2
𝑙 )

⋮
𝜎′(𝑧𝑖

𝑙)
⋮

𝛿𝑙 = 𝜎′ 𝑧𝑙 ⊙ 𝑊𝑙+1 𝑇
𝛿𝑙+1
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Layer 𝒍 Layer 𝒍 + 𝟏

𝜹𝟐
𝒍

𝜹𝟏
𝒍

𝜹𝒊
𝒍

× 𝝈′ 𝒛𝟏
𝒍

× 𝝈′ 𝒛𝟐
𝒍

× 𝝈′ 𝒛𝒊
𝒍

× 𝝈′ 𝒛𝟏
𝒍+𝟏

× 𝝈′ 𝒛𝟐
𝒍+𝟏

× 𝝈′ 𝒛𝒌
𝒍+𝟏

⋮ ⋮

𝜹𝟐
𝒍+1

𝜹𝟏
𝒍+1

𝜹𝒌
𝒍+1

𝜹𝒍 𝜹𝒍+𝟏
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𝝏𝑪 𝜽 /𝝏𝒛𝒊
𝒍 = 𝜹𝒊

𝒍

• Procedure: from layer 𝑳 to layer 𝟏
1. Initialization: compute 𝛿𝐿

2. Compute 𝛿𝑙−1 based on 𝛿𝑙
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𝛁𝑪 𝒚

𝝏𝑪

𝝏𝒚𝟏

𝝏𝑪

𝝏𝒚𝟐

𝝏𝑪

𝝏𝒚𝒏

𝛿𝐿 = 𝜎′ 𝑧𝐿 ⊙∇𝐶 𝑦

𝛿𝑙 = 𝜎′ 𝑧𝑙 ⊙ 𝑊𝑙+1 𝑇
𝛿𝑙+1

𝜕𝐶 𝜃

𝜕𝑤𝑖𝑗
𝑙 =

𝜕𝐶 𝜃

𝜕𝑧𝑖
𝑙

𝜕𝑧𝑖
𝑙

𝜕𝑤𝑖𝑗
𝑙
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Back Propagation

𝛿𝑧𝑖
𝑖

𝜕𝑤𝑖𝑗
𝑙 = ൝

𝑎𝑗
𝑙−1 , 𝑙 > 1

𝑥𝑗 , 𝑙 = 1
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𝜕𝐶 𝜃

𝜕𝑤𝑖𝑗
𝑙 =

𝜕𝐶 𝜃

𝜕𝑧𝑖
𝑙

𝜕𝑧𝑖
𝑙

𝜕𝑤𝑖𝑗
𝑙

𝒊

⋮

𝒌

⋮

Layer 𝒍 Layer 𝒍 + 𝟏

𝒂𝒍 𝒂𝒍+𝟏

1 1

2 2

3 3

𝒂𝒊
𝒍 𝒂𝒌

𝒍+𝟏

𝒂𝟑
𝒍 𝒂𝟑

𝒍+𝟏

𝒂𝟐
𝒍 𝒂𝟐

𝒍+𝟏

𝒂𝟏
𝒍 𝒂𝟏

𝒍+𝟏

Forward Direction

𝒛𝟏 = 𝑾𝟏𝒙 + 𝒃𝟏 𝒂𝟏 = 𝝈 𝒛𝟏

⋮
𝒛𝒍 = 𝑾𝒍𝒙𝒍−𝟏 + 𝒃𝒍

⋮

⋮
𝒂𝒍 = 𝝈 𝒛𝒍

⋮
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Back Propagation

𝜕𝐶 𝜃

𝜕𝑧𝑖
𝑙 = 𝛿𝑖

𝑙
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𝜕𝐶 𝜃

𝜕𝑤𝑖𝑗
𝑙 =

𝜕𝐶 𝜃

𝜕𝑧𝑖
𝑙

𝜕𝑧𝑖
𝑙

𝜕𝑤𝑖𝑗
𝑙

Backward Direction

𝜹𝑳 = 𝝈′ 𝒛𝑳 ⊙𝛁𝐂 𝒚

𝜹𝑳−𝟏 = 𝝈′ 𝒛𝑳−𝟏 ⊙ 𝑾𝑳 𝑻
𝜹𝑳

⋮

𝜹𝒍 = 𝝈′ 𝒛𝒍 ⊙ 𝑾𝒍+𝟏 𝑻
𝜹𝒍+𝟏

⋮

Layer 𝒍 Layer 𝒍 + 𝟏

𝜹𝟐
𝒍

𝜹𝟏
𝒍

𝜹𝒊
𝒍

× 𝝈′ 𝒛𝟏
𝒍

× 𝝈′ 𝒛𝟐
𝒍

× 𝝈′ 𝒛𝒊
𝒍

× 𝝈′ 𝒛𝟏
𝒍+𝟏

× 𝝈′ 𝒛𝟐
𝒍+𝟏

× 𝝈′ 𝒛𝒌
𝒍+𝟏

⋮ ⋮

𝜹𝟐
𝒍+1

𝜹𝟏
𝒍+1

𝜹𝒌
𝒍+1

𝜹𝒍 𝜹𝒍+𝟏
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Gradient Descent

𝑦 = 𝑓 𝑥 = 𝜎 𝑊𝐿 …𝜎 𝑊2𝜎 𝑊1𝑥 + 𝑏1 + 𝑏2 …+ 𝑏𝐿

𝜃 = 𝑊1, 𝑏1,𝑊2, 𝑏2, … ,𝑊𝐿 , 𝑏𝐿

𝑊𝑙 =
𝑤11
𝑙 𝑤12

𝑙 ⋯

𝑤21
𝑙 𝑤22

𝑙 ⋯
⋮ ⋮ ⋱

, 𝑏𝑙 =
⋮
𝑏𝑖
𝑙

⋮

∇𝐶 𝜃 =

⋮
𝜕𝐶 𝜃

𝜕𝑤𝑖𝑗
𝑙

⋮
𝜕𝐶 𝜃

𝜕𝑏𝑖
𝑙

Algorithm

Initialization: start at 𝜃0

while (𝜃 𝑖+1 ≠ 𝜃𝑖)
{

compute the gradients at 𝜃𝑖

update parameters

𝜃𝑖+1 ← 𝜃𝑖 − 𝜂∇𝜃𝐶 𝜃𝑖

}

Gradient descent in neural network requires to update millions of parameters …

However, it is time-consuming and an inefficient process…

Therefore, we will introduce another solution – backpropagation.
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Summary
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𝜕𝐶 𝜃

𝜕𝑤𝑖𝑗
𝑙 =

𝜕𝐶 𝜃

𝜕𝑧𝑖
𝑙

𝜕𝑧𝑖
𝑙

𝜕𝑤𝑖𝑗
𝑙

𝛿𝑖
𝑙 ൝

𝑎𝑗
𝑙−1 , 𝑙 > 1

𝑥𝑗 , 𝑙 = 1
𝐿𝑎𝑦𝑒𝑟 𝑙 − 1 𝐿𝑎𝑦𝑒𝑟 𝑙

𝟏

𝟐

𝒋

𝟏

𝟐

𝒊

𝑤𝑖𝑗
𝑙
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Thank you for your attention!


